Abstract. In the game of Kayles, two players select alternatingly a vertex from a given graph G, but may never choose a vertex that is adjacent or equal to an already chosen vertex. The last player that can select a vertex wins the game. In this paper, we give an exact algorithm to determine which player has a winning strategy in this game. To analyse the running time of the algorithm, we introduce the notion of a K-set:
Introduction
When a problem is computationally hard, then there still are many situations in which the need can arise to solve it exactly. This motivates the field of exact algorithms, where exact, exponential-time algorithms whose running time is as small as possible are sought. Many such exact algorithms have been designed and analysed for problems that are NP-complete or #P -complete, see [6] . Of course, also problems that are complete for a 'harder' complexity class, e.g., PSPACEcomplete often ask for exact solutions. Many PSPACE-complete problems arrive from the question which player has a winning strategy for a given position in a combinatorial game. Exact algorithms are of great relevance here, e.g., a program could use a heuristic to find a move, but once a position is simple enough, it switches to an exact algorithm to give optimal play in the endgame.
In this paper, we study exact algorithms for one such PSPACE-complete problem, namely the problem to determine which player has a winning strategy
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in an given instance of the game Kayles. Kayles is a two-player game that is played on a graph G = (V, E). Alternatingly, the players choose a vertex from the graph, but players are not allowed to choose a vertex that already has been chosen or is adjacent to a vertex that already has been chosen. Thus, the player build together an independent set in G. The last player that chooses a vertex (i.e., turns the independent set into a maximal independent set) wins the game. Alternatively, one can describe the game as follows: the chosen vertex and its neighbors are removed and a player wins when his move empties the graph. The problem to determine the winning player for a given instance of the game is also called Kayles. This problem was shown to be PSPACE-complete by Schaefer [9] . In an earlier paper [3], we showed that by exploiting Sprague-Grundy theory, Kayles can be solved in polynomial time on several special graph classes, in particular graphs with a bounded asteroidal number (which includes well known classes of graphs like interval graphs, cocomparability graphs and cographs). Fleischer and Trippen [5] showed that Kayles can be solved in polynomial time on stars of bounded degree, and also analysed this special case experimentally. For general trees, the complexity of Kayles is a long standing open problem. Variants of the game on paths were shown to be linear time solvable by Guignard and Sopena [7] . For more background, the reader can consult [1, 2, 4] .
It is not hard to find an algorithm that solves Kayles in O * (2 n ) time 1 , by tabulating for each induced subgraph of G which player has a winning strategy from that position. In this paper, we improve upon this trivial algorithm, and give an algorithm that uses O(1.6052 n ) time. The algorithm uses ideas from [3], exploiting results from Sprague-Grundy theory. To analyze the running time of the algorithm, we introduce the notion of a K-set: a set of nonempty vertices W ⊆ V is a K-set in a graph G = (V, E), if G[W ] is connected and there exists an independent set X such that W = V −N [X] , where N [X] is the set of vertices belonging to X or having a neighbour in X. With a nontrivial analysis we obtain that the number of K-sets of a graph with n vertices is bounded by O(1.6052 n ), which yields the bound on the running time of our algorithm. We also show that if G is a tree, then G has at most n · 3 n/3 K-sets, and thus, Kayles can be solved in O * (3 n/3 ) = O(1.4423 n ) time on trees (and forests). We also give lower bounds for the number of K-sets. In particular, our bound of 3 n/3 K-sets for trees is sharp except for polynomial terms. 
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